Abstract: Universal extra dimensions and supersymmetry have rather similar experimental signatures at hadron colliders. The proper interpretation of an LHC discovery in either case may therefore require further data from a lepton collider. In this paper we identify methods for discriminating between the two scenarios at the linear collider. We study the processes of Kaluza-Klein muon pair production in universal extra dimensions in parallel to smuon pair production in supersymmetry, accounting for the effects of detector resolution, beam-beam interactions and accelerator induced backgrounds. We find that the angular distributions of the final state muons, the energy spectrum of the radiative return photon and the total cross-section measurement are powerful discriminators between the two models. Accurate determination of the particle masses can be obtained both by a study of the momentum spectrum of the final state leptons and by a scan of the particle pair production thresholds.
Introduction
Supersymmetry (SUSY) and Extra Dimensions offer two different paths to a theory of new physics beyond the Standard Model (SM). They both address the hierarchy problem, play a role in a more fundamental theory aimed at unifying the SM with gravity, and offer a candidate particle for dark matter, compatible with present cosmology data. If either supersymmetry or extra dimensions exist at the TeV scale, signals of new physics should be found by the ATLAS and CMS experiments at the Large Hadron Collider (LHC) at CERN. However, as we discuss below, the proper interpretation of such discoveries, namely the correct identification of the nature of the new physics signals, may not be straightforward at the LHC and may require the complementary data from an e + e − collider. In particular, a multi-TeV collider, such as CLIC [1, 2] , would ensure a sensitivity over a broad mass range.
A particularly interesting scenario of TeV-size extra dimensions is offered by the so called Universal Extra Dimensions (UED), originally proposed in [3] , where all SM particles are allowed to freely propagate into the bulk. The case of UED bears interesting analogies to supersymmetry 1 , and sometimes has been referred to as "bosonic supersymmetry" [4] .
In principle, disentangling UED and supersymmetry appears highly non-trivial at hadron colliders. For each SM particle, both models predict the existence of a partner (or partners) with identical interactions. Unfortunately, the masses of these new particles are modeldependent and cannot be used to unambiguously discriminate between the two theories, although a degenerate spectrum might suggest UED while a split spectrum would hint 2 towards SUSY. One would therefore like to have an experimental verification which relies on the fundamental distinctions between the two models.
One of the characteristic features of UED is the presence of a whole tower of KaluzaKlein (KK) partners, labelled by their KK level n. In contrast, N = 1 supersymmetry predicts a single superpartner for each SM particle. One might therefore hope to be able to discover the higher KK modes of UED and, having observed a repetition of the SM particle content at each KK level, prove the existence of extra dimensions. However, there are two significant challenges along this route. First, the masses of the higher KK modes are (roughly) integer multiples of the masses of the n = 1 KK partners, and as a result their production cross-sections are kinematically suppressed. Second, they predominantly decay to n = 1 KK modes, thus simply contributing a small amount to the inclusive production of n = 1 KK particles. Just as in the case of SUSY, because of the unknown momentum carried away by the dark matter candidate at the end of the decay chain, one is unable to reconstruct individual KK resonances. The only exceptions are the level 2 KK gauge bosons, which may appear as high mass dijet or dilepton resonances, when they decay directly to SM fermions through loop suppressed couplings [4, [8] [9] [10] . Unfortunately the reach of the LHC is rather limited in this case [11] , due to the smallness of these loopsuppressed branching fractions. In addition, even if they are discovered, such resonances can be misinterpreted as ordinary Z ′ gauge bosons in extended supersymmetric models [11] .
The second fundamental distinction between SUSY and the minimal version of UED is that supersymmetric extensions of the SM necessarily have extended Higgs sectors leading to additional Higgs and higgsino states in the spectrum. The higgsinos of supersymmetry are in one-to-one correspondence with the n = 1 KK partners of the Goldstone bosons and cannot be used for discrimination. The additional Higgs bosons of SUSY are not a robust discriminator either. On the one hand, they may simply escape detection at the LHC: the SUSY parameter space has large portions where the LHC discovers a single (SM-like) Higgs boson and misses the rest of the Higgs spectrum. Alternatively, one may consider UED models with an extended Higgs sector which would mimic the SUSY Higgs phenomenology.
The third and most fundamental distinction between UED and supersymmetry is reflected in the properties of the individual particles: the KK partners have identical spin quantum numbers as their SM counterparts, while the spins of the superpartners differ by 1/2 unit. However, spin determinations also appear to be difficult at the LHC (or at hadron colliders in general), where the center of mass energy in each event is unknown. In addition, the momenta of the two dark matter candidates in the event are also unknown.
This prevents the reconstruction of any rest frame angular decay distributions, or the directions of the two particles at the top of the decay chains. Recently it has been suggested that a charge asymmetry in the lepton-jet invariant mass distributions from a particular cascade, can be used to discriminate SUSY from the case of pure phase space decays [12] . However, the possibility of discriminating SUSY and UED by this method still needs to be demonstrated.
At the LHC, strong processes dominate the production of both KK modes and superpartners. The resulting signatures involve relatively soft jets, leptons and missing transverse energy [4] . The study in [4] shows that, with 100 fb −1 of integrated luminosity, the LHC experiments will be able to cover all of the cosmologically preferred parameter space in UED [13] . However, due to the reasons explained above, the discrimination between UED and supersymmetry may be difficult at the LHC.
In this paper, we focus on the minimal UED model, described in some detail in Section 2, and on the Minimal Supersymmetric extension of the Standard Model (MSSM) to study how the two models can be discriminated at a linear collider tunable over a center-ofmass energy range of 1 TeV to 3 TeV. We assume that the LHC will have already observed signals of new physics consistent with either n = 1 KK modes in UED or sparticle production in supersymmetry. We concentrate on the relevant questions to be addressed by a post-LHC facility. In section 3 we describe the event simulation and reconstruction adopted in this analysis, while in section 4 we contrast UED with supersymmetry. Section 5 has our conclusions.
The minimal UED model
In its simplest incarnation, the UED model has all the SM particles propagating in a single extra dimension of size R, which is compactified on an S 1 /Z 2 orbifold. More complicated versions have also been proposed, motivated by ideas about electroweak symmetry breaking [14] , neutrino masses [15, 16] , proton stability [17] or the number of generations [18] . A peculiar feature of UED is the conservation of Kaluza-Klein number at tree level, which is a simple consequence of momentum conservation along the extra dimension. However, bulk and brane radiative effects [8] [9] [10] break KK number down to a discrete conserved quantity, the so called KK parity, (−1) n , where n is the KK level. KK parity ensures that the lightest KK partners -those at level one -are always pair-produced in collider experiments, similar to the case of supersymmetry models with conserved R-parity. KK parity conservation also implies that the contributions to various precisely measured low-energy observables [19] [20] [21] [22] [23] [24] [25] only arise at loop level and are small. As a result, the limits on the scale of the extra dimension, from precision electro-weak data, are rather weak, constraining R −1 to be larger than approximately 250 GeV [23] . An attractive feature of UED is the presence of a stable massive particle which can be a cold dark matter candidate [10, 13, 26, 27] . The lightest KK partner (LKP) at level one has negative KK parity and can be stable on cosmological scales. In the minimal model, the LKP is the KK partner of the hypercharge gauge boson [10] and its relic density is generically in the desired range [13] . Kaluza-Klein dark matter offers excellent prospects for direct or indirect detection [27] [28] [29] [30] [31] [32] [33] . Once the radiative corrections to the Kaluza-Klein masses are properly taken into account [10] , the collider phenomenology of the minimal UED model 3 exhibits striking similarities to supersymmetry [4, 35] and represents an interesting and well motivated counterexample which can "fake" supersymmetry signals at the LHC.
In the minimal UED model, the bulk interactions of the KK modes readily follow from the SM Lagrangian and contain no unknown parameters other than the mass, M H , of the SM Higgs boson. In contrast, the boundary interactions, which are localized on the orbifold fixed points, are in principle arbitrary, and thus correspond to new free parameters in the theory. They are in fact renormalised by bulk interactions, and are scale dependent [8] . Therefore, we need an ansatz for their values at a particular scale. Of course, the UED model should be treated only as an effective theory which is valid up to some high scale Λ, at which it is matched to some more fundamental theory. In the minimal UED model the boundary terms are assumed to vanish at the cutoff scale Λ, and are subsequently generated through RGE evolution to lower scales. Thus the minimal UED model has only two input parameters: the size of the extra dimension, R, and the cutoff scale, Λ. The number of KK levels present in the effective theory is therefore ΛR and may vary between a few and ∼ 40, where the upper limit corresponds to values of Λ leading to a breakdown of perturbativity below the Λ scale.
Event Simulation and Data analysis
In order to study the discrimination of UED signals from supersymmetry, we have implemented the relevant features of the minimal UED model in the CompHEP event generator [36] . The MSSM is already available in CompHEP since version 41.10. All n = 1 KK modes are incorporated as new particles, with the proper interactions and one-loop corrected masses [10] . The widths can then be readily calculated with CompHEP on a case by case basis and added to the particle table. Similar to the SM case, the neutral gauge bosons at level 1, Z 1 and γ 1 , are mixtures of the KK modes of the hypercharge gauge boson and the neutral SU (2) W gauge boson. However, it was shown in [4] that the radiatively corrected Weinberg angle at level 1 and higher is very small. For example, γ 1 , which is the LKP in the minimal UED model, is mostly the KK mode of the hypercharge gauge boson. For simplicity, in the code we neglect neutral gauge boson mixing for n ≥ 1.
In this paper we concentrate on the pair production of level 1 KK muons e + e − → µ
and compare it to the analogous process of smuon pair production in supersymmetry: e + e − →μ +μ− . In UED there are two n = 1 KK muon Dirac fermions: an SU (2) W doublet µ D 1 and an SU (2) W singlet µ S 1 , both of which contribute in Eq. (3.1) below (see also Fig. 1) . In complete analogy, in supersymmetry, there are two smuon eigenstates,μ L andμ R , both of which contribute in Eq. (3.2). The dominant diagrams in that case are shown in Fig. 2 .
In principle, there are also diagrams mediated by γ n , Z n for n = 4, 6, ... but they are doubly suppressed -by the KK-number violating interaction at both vertices and the [10] .
KK mass in the propagator -and here can be safely neglected. However, γ 2 and Z 2 exchange (Fig. 1b) may lead to resonant production and significant enhancement of the cross-section, as well as interesting phenomenology as discussed below in Section 4.5. We have implemented the level 2 neutral gauge bosons γ 2 , Z 2 with their widths, including both KK-number preserving and the KK-number violating decays as in Ref. [4] . We consider the final state consisting of two opposite sign muons and missing energy. It may arise either from KK muon production in UED
The dominant Feynman diagrams for smuon production e + e − →μ +μ− in supersymmetry.
with γ 1 being the LKP, or from smuon pair production in supersymmetry:
whereχ 0 1 is the lightest supersymmetric particle. We reconstruct the muon energy spectrum and the muon production polar angle, aiming at small background from SM processes with minimal biases due to detector effects and selection criteria. The goal is to disentangle KK particle production (3.1) in UED from smuon pair production (3.2) in supersymmetry. We also determine the masses of the produced particles and test the model predictions for the production cross-sections in each case.
We first fix the UED parameters to R −1 = 500 GeV, ΛR = 20, leading to the spectrum given in Table 1 .
The ISR-corrected signal cross section in UED for the selected final state µ + µ − γ 1 γ 1 is 14.4 fb at √ s = 3 TeV. Events have been generated with CompHEP and then reconstructed using a fast simulation based on parametrized response for a realistic detector at CLIC. In particular, the lepton identification efficiency, momentum resolution and polar angle coverage are of special relevance to this analysis. We assume that particle tracks will be reconstructed through a discrete central tracking system, consisting of concentric layers of = 4.5×10 −5 GeV −1 . A forward tracking system should provide track reconstruction down to ≃ 10 • . We also account for initial state radiation (ISR) and for beamstrahlung effects on the center-of-mass energy. We assume that muons are identified by their penetration in the instrumented iron return yoke of the central coil. A 4 T magnetic field sets an energy cutoff of ≃ 5 GeV for muon tagging.
The events from the CompHEP generation have been treated with the Pythia 6.210 parton shower [37] and reconstructed with a modified version of the SimDet 4.0 program [38] . Beamstrahlung has been added to the CompHEP generation. The luminosity spectrum, obtained by the GuineaPig beam simulation for the standard CLIC beam parameters at 3 TeV, has been parametrised using a modified Yokoya-Chen approximation [39] :
This analysis has backgrounds coming from SM µ + µ − νν final states, which are mostly due to gauge boson pair production W + W − → µ + µ − ν µνµ , Z 0 Z 0 → µ + µ − νν and from e + e − → W + W − ν eνe , e + e − → Z 0 Z 0 ν eνe , followed by muonic decays. The background total cross section is ≃20 fb at √ s = 3 TeV. In addition to its competitive cross section, this background has leptons produced preferentially at small polar angles, therefore biasing the angular distribution. In order to reduce this background, a suitable event selection has been applied. Events have been required to have two muons, missing energy in excess to 2.5 TeV, transverse energy below 150 GeV and event sphericity larger than 0.05. In order to reject the Z 0 Z 0 background, events with di-lepton invariant mass compatible with M Z 0 have also been discarded. The underlying γγ collisions also produces a potential background to this analysis in the form of γγ → µ + µ − . This background has been simulated using the CLIC beam simulation and Pythia. Despite its large cross section, it can be completely suppressed by a cut on the missing transverse energy E missing T > 50 GeV. Finally, in order to remove events with large beamstrahlung, the event sphericity had to be smaller than 0.35 and the acolinearity smaller than 0.8. These criteria provide a factor ≃ 30 background suppression, in the kinematical region of interest, while not significantly biasing the lepton momentum distribution.
Comparison of UED and supersymmetry
In order to perform the comparison of UED and MSSM, we adjusted the MSSM parameters to get the two smuon masses Mμ L and Mμ R and the lightest neutralino mass Mχ0 and of the KK photon M γ 1 for the chosen UED parameters. It must be stressed that such small mass splitting between the two muon partners is typically rather accidental in supersymmetric scenarios. The supersymmetric parameters used are given in Table 2 We then simulate both reactions (3.1) and (3.2) with CompHEP and pass the resulting events through the same simulation and reconstruction. The ISR-corrected signal crosssection in SUSY for the selected final state µ + µ −χ0 1χ 0 1 is 2.76 fb at √ s= 3 TeV, which is about 5 times smaller than in the UED case.
Angular distributions and spin measurements
In the case of UED, the KK muons are fermions and their angular distribution is given by
Assuming that at CLIC the KK production takes place well above threshold, the formula simplifies to:
As the supersymmetric muon partners are scalars, the corresponding angular distribution is
Distributions (4.2) and (4.3) are sufficiently distinct to discriminate the two cases. However, the polar angles θ of the original KK-muons and smuons are not directly observable and the production polar angles θ µ of the final state muons are measured instead. But as long as the mass differences M µ 1 − M γ 1 and Mμ − Mχ0 1 respectively remain small, the muon directions are well correlated with those of their parents (see Figure 3a) . In Fig. 3b we show the same comparison after detector simulation and including the SM background. The angular distributions are well distinguishable also when accounting for these effects. By performing a χ 2 fit to the normalised polar angle distribution, the UED scenario considered here could be distinguished from the MSSM, on the sole basis of the distribution shape, with 350 fb −1 of data at √ s = 3 TeV. 
Threshold scans
At the e + e − linear collider, the muon excitation masses can be accurately determined through an energy scan of the onset of the pair production threshold. This study not only determines the masses, but also confirms the particle nature. In fact the cross sections for the UED processes rise at threshold ∝ β while in supersymmetry their threshold onset is ∝ β 3 , where β is the particle velocity.
Since the collision energy can be tuned at properly chosen values, the power rise of the cross section can be tested and the masses of the particles involved measured. We have studied such threshold scan for the e + e − → µ
TeV, for the same parameters as in Table 1 . We account for the anticipated CLIC centre-of-mass energy spread induced both by the energy spread in the CLIC linac and by beam-beam effects during collisions. This been obtained from the detailed GuineaPig beam simulation and parametrised using the modified Yokoya-Chen model [39, 40] . An optimal scan of a particle pair production threshold consists of just two energy points, sharing the total integrated luminosity in equal fractions and chosen at energies maximising the sensitivity to the particle widths and masses [41] . For the UED model scan we have taken three points, one for normalisation and two at the maxima of the mass sensitivity (see Figure 4) . Inclusion of beamstrahlung effects induces a shift of the positions of these maxima towards higher nominal √ s values [42] . From the estimated sensitivity dσ/dM and the cross section accuracy, the masses of the two UED muon excitations can be determined to ±0.11 GeV and ±0.23 GeV for the singlet and the doublet states respectively, with a total luminosity of 1 ab −1 shared in three points, when the particle widths can be disregarded. 
Production cross section determination
The same analysis can be used to determine the cross section for the process e + e − → µ + µ − + E miss . The SM contribution can be determined independently, using anti-tag cuts, and subtracted. Since the cross section for the UED process at 3 TeV is about five times larger compared to smuon production in supersymmetry, this measurement would reinforce the model identification obtained by the spin determination. This can be quantified by performing the same χ 2 fit to the muon polar production angle discussed above, but now including also the total number of selected events. Since the cross section depends on the mass of the pair produced particles, we include a systematic uncertainty on the prediction corresponding to a ±0.05 % mass uncertainty, which is consistent with the results discussed below. At CLIC the absolute luminosity should be measurable to O(0.1 %) and the average effective collision energy to O(0.01 %).
Muon energy spectrum and mass measurements
The characteristic end-points of the muon energy spectrum are completely determined by the kinematics of the two-body decay and hence they don't depend on the underlying framework (SUSY or UED) as long as the masses involved are tuned to be identical. We show the ISR-corrected expected distributions for the muon energy spectra at the generator level in Fig. 5a , using the same parameters as in Fig. 3 . As expected, the shape of the E µ distribution in the case of UED coincides with that for MSSM. Figure 5: The muon energy spectrum resulting from KK muon production (3.1) in UED (blue, top curve) and smuon production (3.2) in supersymmetry (red, bottom curve). The UED and SUSY parameters are chosen as in Fig. 3 . The plot on the left shows the ISR-corrected distribution, while that on the right includes in addition the effects of event selection, beamstrahlung and detector resolution and acceptance. The data points are the combined signal and background events, while the yellow-shaded histogram is the signal only.
The lower, E min , and upper, E max , endpoints of the muon energy spectrum are related to the masses of the particles involved in the decay according to the relation:
where Mμ and Mχ0 Due to the splitting between theμ L andμ R masses in MSSM and that between the µ D 1 and µ S 1 masses in UED, in Fig. 5a we see the superposition of two box distributions. The left, narrower distribution is due to µ S 1 pair production in UED (μ R pair production in supersymmetry). The underlying, much wider box distribution is due to µ D 1 pair production in UED (μ L pair production in supersymmetry). The upper edges are well defined, with smearing due to beamstrahlung and, but less importantly, to momentum resolution. The lower end of the spectrum has the overlap of the two contributions and with the underlying background. Furthermore, since the splitting between the masses of the µ D 1 , µ S 1 and that of γ 1 is small, the lower end of the momentum distribution can be as low as O(1 GeV) where the lepton identification efficiency is cut-off by the solenoidal field bending the lepton before it reaches the electro-magnetic or the hadron calorimeter [43] . Nevertheless, there is sufficient information in this distribution to extract the mass of the γ 1 particle, using the prior information on the µ D 1 and µ S 1 masses, obtained by the threshold scan. In Fig. 5b we show the muon energy distribution after detector simulation. A one parameter fit gives an uncertainty on the γ 1 mass of ±0.19 (stat.) ±0.21 (syst) GeV, where the statistical uncertainty is given for 1 ab −1 of data and the systematics reflects the effect of the uncertainty on the µ 1 masses. The beamstrahlung introduces an additional systematics, which depends on the control of the details of the luminosity spectrum.
Photon energy spectrum and radiative return to the Z 2
With the e + e − colliding at a fixed centre-of-mass energy above the pair production threshold a significant fraction of the KK muon production will proceed through radiative return. Since this is mediated by s-channel narrow resonances, a sharp peak in the photon energy spectrum appears whenever one of the mediating s-channel particles is on-shell. In case of supersymmetry, only Z and γ particles can mediate smuon pair production and neither of them can be close to being on-shell. On the contrary, an interesting feature of the UED scenario is that µ 1 production can be mediated by Z n and γ n KK excitations (for n even) as shown in Fig. 1b . Among these additional contributions, the Z 2 and γ 2 exchange diagrams are the most important. Since the decay Z 2 → µ 1 µ 1 is allowed by phase space, there will be a sharp peak in the photon spectrum, due to a radiative return to the Z 2 . The photon peak is at
On the other hand, M γ 2 < 2M µ 1 , so that the decay γ 2 → µ 1 µ 1 is closed, and therefore there is no radiative return to γ 2 . Notice that the level 2 Weinberg angle is very small [10] and therefore Z 2 is mostly W 0 2 -like and couples predominantly to µ D 1 and not µ S 1 . The photon energy spectrum in e + e − → µ Fig. 6 . On the left we show the ISR-corrected theoretical prediction from CompHEP while the result on the right in addition includes detector and beam effects. It is clear that the peak cannot be missed.
Conclusions
Supersymmetry and Universal Extra Dimensions are two appealing examples of new physics at the TeV scale, as they address some of the theoretical puzzles of the SM. They also provide a dark matter candidate which, for properly chosen theory parameters, is consistent with present cosmology data. Both theories predict a host of new particles, partners of the known SM particles. If either one is realised in nature, the LHC is expected to observe signals of these new particles. However, in order to clearly identify the nature of the new physics, one may need to contrast the UED and supersymmetric hypotheses at a multi-TeV e + e − linear collider such as CLIC 4 . In this paper we have considered the process of pair production of muon partners in the two theories, KK-muons and smuons respectively. We used the polar production angle to distinguish the nature of the particle partners, based on their spin. The same analysis could be repeated for pair production of the electron partners. There is an advantage here due to the larger cross-sections, but also a complication as the analysis needs to account for the additional t-channel diagrams.
We have also studied the accuracy of CLIC in determining the masses of the new particles involved both through the study of the energy distribution of final state muons and threshold scans. An accuracy of better than 0.1% can be obtained with 1 ab −1 of integrated luminosity. Once the masses of the partners are known, the measurement of the total cross section serves as an additional cross-check on the hypothesized spin and couplings of the new particles. A peculiar feature of UED, which is not present in supersymmetry, is the sharp peak in the ISR photon energy spectrum due to a radiative return to the KK partner of the Z.
The clean final states and the control over the centre-of-mass energy at the CLIC multi-TeV collider allows one to unambiguously identify the nature of the new physics signals which might be emerging at the LHC already by the end of this decade.
